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ABSTRACT 
A computer  approach to atomic and molecular dynamics is developed which utilizes known ex- 
perimental values of  ionizat ion energies. In this first paper, applications are made to the hydrogen 
atom, the hydrogen ion, and the hydrogen molecule. A technique for the approximation of  bond 
lengths is developed and il lustrative xamples of  electron motions and, where significant, proton 
motions are described and discussed. 
1. INTRODUCTION 
Because the number of dimensions in n-body quantum 
dynamical modeling is prohibitive, both mathemati- 
cally and computationally, quasi-quantum echanical 
methods have been developed for atomic and molec- 
ular trajectory calculations ( ee e.g. [911 and the 
numerous references contained therein). These 
methods use Schroedinger's equation to determine 
energies and Newton's equations to determine paths 
of motion. In this paper we will develop a numerical 
method which is similar to these, but which is even 
simpler in that it utilizes known experimental values 
for energies, thus avoiding all dependence on quan- 
tum mechanical results. 
In this first paper, applications will be restricted to 
the hydrogen atom, the hydrogen molecule, and the 
hydrogen ion (Le. the hydrogen molecule-ion), The 
total energies used are merely the summations ofex- 
perimentally determined ionization energies [2, 12]. 
Even though the present models are relatively primi- 
tive in that spin, magnetic, and relativistic effects are 
not included, the numerical results to be described 
are in excellent agreement with experimental ones 
and will be obtained with relatively minimum effort. 
Attention will be directed primarily to ground states, 
but the methodology applies equally well to excited 
states. 
It must be emphasized that our long range goal is the 
computer simulation of time dependent, chemical 
reactions, for which quantum echanics has not 
proved to be viable. Our intended approach will be to 
model all the elements through oxygen and then sim- 
ulate the dynamical evolution of a water molecule. 
If the correct bond angle results, then the method-' 
ology will be considered to be viable and more com- 
plex reactions will be studied. We have no intention 
of modeling areas of chemistry like spectroscopy, in 
which quantum echanics has been distinctly success- 
ful. 
2. THE HYDROGEN ATOM 
The simplicity of hydrogen ischaracterized byits hav- 
ing only one proton. But hydrogen isunique because 
it has no neutrons. Let us begin then by formulating 
a new model of hydrogen and redetiving from it the 
well-known properties first. 
In the H atom, let P1 be the electron and P2 the proton. 
Let m i and e i be the mass and electric harge, respec- 
tively, of Pi for each of i = 1, 2. It is well known that 
m I = (9.1085)10 -28 g; e I = (-4.80286)10 -10 esu 
m 2 = (1.6724)10 -24 g; e 2 = (4.80286)10 -10 esu. 
I f r  = IPIP21 is the distance between P1 and P2, meas- 
ured in cm, then we assume that, for the speeds to be 
considered, the force ~ between P1 and P2 has magni- 
tude 
F= ele2 bele2 
r 2 rp +1 ' P ~> 7, (2.1) 
where b and p are positive parameters, and p has the 
added constraint given in (2.1). The potential V cor- 
responding to F* is, then 
V = ele2 be1 e2 
r pr p ' P > 7. (2.2) 
Formulas (2.1) and (2.2) incorporate both attractive 
and repulsive forces between P1 and P2" The com- 
ponent of attraction isrelatively long range and is the 
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chssical Coulomb force. The repulsive component is 
relatively short range and has been introduced only 
to allow the modelling of an electron as an oscillator, 
which is a popular approach among many scientists 
[4, 13]. In those cases to be considered where dec- 
trons do not have oscillator properties, this term will 
be entirely negligible. For illustrative purposes, we 
will choose p = 7 and b = (10) -72, in which case (2.1) 
and (2.2) assume the specific forms 
F= 23.06746 10-20 + 23.06746 10-92 (2.3) 
r 2 r 8 
V=-  23.06746 10-20 + 3.29535 10-92. (2.4) 
r r 7 
The choice b = 10 -72 is made so that F = 0 when 
r = 10 -12. This assumption is motivated by the 
Rutherford scattering experiment in which alpha 
particles approached towithin 10 -12 cm of the center 
of an atom and were still scattered by Coulomb's law 
[10]. 
For the hydrogen atom, the ground state ionization 
energy is the same as the ground state total energy 
and is 
E 1 = (- 2.17967)10 -11 erg. (2.5) 
Let us deduce first the well known result hat the 
mean electron distance r 1 for the ground state hydro- 
gen atom is 
r 1 = 0.5292 A. (2.6) 
Fixing a coordinate system at the center of the proton 
and assuming negligible proton motion, we have that 
the total energy of the system is 
= ~lmlv2 _ 23.06746~. 10-20 + 3.29535r 7 10-92, E 1 
(2.7) 
where v is the speed and r the radial distance of the 
electron. At its maximum distance r m from the proton, 
its speed will be zero, so that 
E1 =-23.06746 10-20+ 3.2953510-92 ' (2.8) 
r m 7 r m 
which, with (2.5), implies 
7 (1.05830)10-8r6+(1.51186)10 -81 O. (2,9) r m - = 
The maximum solution of (2.9) is 
r m = 1.05830 A, (2.10) 
so that r!, the mean value of r, is given approximately 
by 
rl 1 r = -~- m = 0.5292A, (2.11) 
which establishes (2.6). 
Next, note that the following fundamental principle 
is valid. 
Given the total energy of the hydrogen atom in any 
state, one cannot prescribe the electron's position and 
velocity independently, since the radial distance r and 
the speed v must be functionally related by the energy 
equation 
E= @re!v2  23.06746 10-20 + 3.29535 10-92 
r r 7 " 
(2.12) 
Subject only to this constraint, dynamical analysis is 
then possible, as will be described next. 
3. DYNAMICAL EQUATIONS OF ELECTRON 
MOTION 
Given the initial position7 and the initial velocity 
of an electron in the H atom, subject of course to the 
validity of (2.12), the resulting electron motion under 
a central force must be planar. Hence, let7 = (x, y), 
V= (Vx, Vy). We assume now the Newtonian dynamical 
relationship 
i f= mlZ ,  (3.1) 
so that the equations of motion are 
ml d--~-= 2x x-/23.06746r 2 10-20 + 23.06746r 8 10-92) -Fx 
(3.2) 
d 2 23.0674610-20 + 23.06746 10-92) y 
ml = (- r 2 r 8 T-"  
(3.3) 
The solution of (3.2)-(3.3) requires numerical tech- 
niques which, in turn, require rescaling in order to 
avoid underflow. For this reason, let 
X = 1012x (3.4) 
Y = 1012y (3.5) 
T = 1022t. (3.6) 
Then 1 1 
R = (X 2 + y2)2 = 1012(x 2 + y2)2 = 1012r (3.7) 
and 
F -  23.06746 104 + 23.06746 104. (3.8) 
R 2 R 8 
Note that F = 0 when R = 1. Next, setting 
VX = dX VY = dY V 2 = (VX) 2 + (VY) 2 (3.9) 
dT '  dT'-' 
yields 
v x= 1010VX, Vy= 1010Vy, v 2= 1020V2, (3.10) 
and 
d2x - 1032 d2x d2y - 1032 d2y (3.11) 
dt 2 dT 2 '  (It 9- - ~T  2 " 
Thus, (2.12) can be rewritten 
E= (4.55425)10~8V 2 23'06746.10-8 q 3'2953510 -8, 
R R 7 
(3.12) 
while dynamical equations (3.2) and (3.3) become 
d2X _ (2.5325)X (1- 1--!-) (3.13) 
dT 2 R 3 R 6 
d2y_  (2.5325)Y (1 - -~) .  (3.14) 
dT 2 R 3 
Given initial data x, y, v x, Vy, the electron trajectory 
can then be determined numerically by transforming 
to X, Y, VX, VY, by means of (3.4), (3.5) and (3.10), 
and then solving the system (3.13)-(3.14) by any of 
the currently popular computer techniques [3, 6]. 
Specific examples will be described in the next two 
sections. A typical FORTRAN program is provided for 
the interested reader in the Appendix of Greenspan 
[51. 
4. THE ELECTRON AS A ONE DIMENSIONAL 
OSCILLATOR 
Let us explore first the most simplistic type of electron 
motion possible, one dimensional oscillation. This type 
of motion is precluded in the Bohr theory because it
is the case of zero angular momentum. 
For the f'trst example, assume H to be in ground state, 
so that (2.5) is valid. At its furthermost position R m 
from the proton, V = 0 for the electron, so that, from 
(2.5) and (3.12), R m = 10583.0. One dimensional 
electron oscillation was then studied by assuming the 
initial data X = 10583.0, Y = VX = VY = 0, and by 
solving (3.13)-(3.14) numerically, in double precision 
with variable grid size, by two different numerical 
methods, the leap-frog method [6] and the Runge- 
Kutta fourth order method [3]. 
To four significant digits, both methods yielded for 
the time of one oscillation 
T = 1 520 000, 
so that, from (3.6), 
t = (1.520)!0-16s. 
To three significant digits, the resulting round state 
frequency w is 
w = 1/t = (6.58)1015 Hz, (4.1) 
which is identical to the ground state electron fre- 
quency of the Bohr model. For this reason, 
w = 2cR H, (4.2) 
wherec is the speed of light and R H = 109 677.581cm -1
is the Rydberg constant for hydrogen [1, 7]. Formula 
(4.2) then relates the frequency of the electron as an 
oscillator in ground state hydrogen to the frequency 
of light radiation which results when the atom changes 
energy states [14]. 
Using the above methodology, it can be shown that for 
hydrogen in its first excited state, in which case 
E 2 = (- 5.4492)10 -12 erg, 
then, maximally 
R m = 42 331.8, 
to four significant digits the time T of one complete 
oscillation is 
T = 12 160 000, 
so that 
t = (1.216)10 -15 s, 
and the excited state frequency w is given by 
w = (8.22~10 !4 Hz. 
5. TWO DIMENSIONAL ELECTRON TRAJECTORIES 
IN GROUND STATE HYDROGEN 
Let us consider now two dimensional electron motions 
in ground state H. From (2.5) and (3.12), 
(-2.17967)10-11= (4.55425)10-8V 2 
23.06746 10-8 + 3.29535 10-8. (5.1) 
R R 7 
For illustrative purposes, let R = 1000 and initially Set 
the electron at (1000,0). From (5.1), then, 
V = 0.0677232. (5.2) 
We will consider seven cases which, in order, tend to 
the limiting oscillator motion discussed in section 4. 
These cases, which all satisfy (5.2), have initial velocities, 
in order, 
V 1 = (0.0478877,0.0478877) (5.3) 
--3. 
V 2 = (0.0,0.0677232) (5.4) 
V 3 = (- 0.0478877,0.0478877) (5.5) 
V4 = (2 0.06,0.0314) (5.6) 
V 5 = (- 0.067,0.009869) (5.7) 
. -> 
V 6 = (- 0.0677,0.0017888) (5.8) 
V 7 = (- 0.0677232,0.0). (5.9) 
The motions for the cases (5.3)-(5.5) are shown, reo 
spectively, in figures 5.1-5.3. The motions are all 
rosettes, similar to those which Sommerfeld generated 
when introducing elliptic orbits and relativistic on- 
siderations into the Bohr model [8]. Each rosette is a 
consequence of the small repulsive term in (3.8), 
which is, in fact, so small in these examples that the 
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motions resemble elliptic orbits in exceptionally slow 
precession. The orbits shown in f'gures 5.1-5.3 are 
essentially ellipses and exhibit the special conic pro- 
petty that all major axes have the same length 
2a = 2r 1, where r I is the Bohr mean radius 0.5292A. 
The periods in all three cases are, to four significant 
digits, t = (1.520)10"16s. Thus, the major axis lengths 
and periods all coincide with the limiting oscillator 
case discussed in section 4. 
The initial motion near the proton for each of the 
cases (5.6)-(5.9) is shown through T = 25 000 in 
fgure 5.4. In each of these cases, the repulsive terms 
are no longer insignificant. Case (5.9) is, of course, 
the limiting oscillator case, which was discussed in 
section 4. 
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6. MULTIDIMENSIONAL, N-BODY INTERACTION 
In anticipation of the study o£ the hydrogen ion H;  
and the hydrogen molecule H2, let us summarize 
first a numerical algorithm for the n-body problem in 
three dimensions. 
Consider N particles Pi, i = 1, 2 ..... N. For At > 0, let 
t k = kAt, k = 0,1, 2 .... For each i= 1, 2 ..... N and 
each k, let Pi have mass m i, charge e i, and, at t k, be 
located at ~i, k = (xi, k' Yi, k' zi, k), have velocity 
-vi, k = (vi, k, x' vi, k, y' vi, k, z)' and have acceleration 
~i, k = (ai, k, x' ai, k, y' ai, k, z)" Let position, velocity, 
and acceleration be relatedby the "leap frog" for- 
mulas [6] : 
"~i, 1/2 =Vi, O + ~-(A t)~i, 0 (6.1) 
Vi, k + 1/2 =~[, k -1/2 + (At) a-*i,k, k= 1,2,3 .... 
(6.2) 
Vi, k + 1= 7i, k + (At)v-*~ k + 1/2 , k=0,1 ,2  .... 
(6.3) 
At tk, let the force acting on Pi be 
Fi, k = (Fi, k, x, Fi, k, y, ri, k, z)' 
We assume that force and acceleration are related by 
the dynamical equation 
Fi, k = mini, k" (6.4) 
As soon as one specifies Fi, k' the motion of each Pi 
will be determined recursively and explicitly by (6.1)- 
(6.4) from given initial data. The force i~i, k is defined 
as follows. Let rij,k = I ri, k - rj, k I be the distance be- 
tween Pi and Pj at time t k. Then the force Fi4 k on Pi 
at time t k is defined by 
Fi, k = j~_l _ 10 7 . 
j ; i  rij, k2 rij' kS ~ J  
(6.5) 
In practice, the numerical procedure described above 
will be implemented by first using the rescaling trans- 
formation (3.4)-(3.6), but extended to three dimen- 
sions. 
7. THE HYDROGEN MOLECULE H 2 
The usual approach to the study of the hydrogen ion 
H~ and to the hydrogen molecule H 2 is through the 
minimization of total energy. As indicated in section 1, 
we are assuming, throughout, hat ionization energies 
are always known a pciori, from which total energies 
can be determined [2]. Thus, we can take a more sub- 
stantive approach, as follows. 
Our interest will be in bond lengths and in possible 
electron motions. O£ course, bond lengths are not fixed 
lengths ince the protons in H~ and in H 2 are in con. 
stant motion. Such motions are usually assumed to be 
so small that an average bond length is meaningful, and 
it is this which we will approach numerically. Our intui- 
tion will be guided by the assumption that each electron 
tries to form a hydrogen bond with each proton, but 
cannot do so because of the conservation o£ total 
energy [11]. Electron motions will be illustrated by 
choosing several initial positions, and, at each, choosing 
velocity vectors in different directions. In all cases, the 
energy equation will constrain the choice o£ initial data 
and computer calculations will be done by the method 
described in section 6. Let us begin, then, by consider- 
ing H 2. 
The energy (total, not dissociative) ofH 2 is-31.9 eV, 
or, equivalently, (-5.11)10 -11 erg. Thus, ffP1, P2, P3, 
P4 represent, in order, an electron, aproton, an electron, 
and a proton, then the energy of the system at any time 
T in XYZ coordinates satisfies 
(-5.11)10-11= 10-814.55425(V2 + V2)+8 362(V2 + Vz~) 
-23.06746(- / ~+ !. +!  1 + 1)  
R12 R13 R14 R23 R24 R 3 4 
+3.29535(. ~ 1 + 1 + 1_!__ ~+ 1 )]. 
R12 R73 R74 R73 R;4 R h 
(7.1) 
In order to determine the bond length of H2, we examine 
first the following particularly simple trajectory problem. 
Initially, we guess that each of P1 and P3 is bonded 
with each ofP 2 and P4, as in H. Hence, because of 
the magnitudes of the charges and the number of the 
particles involved, it is reasonable to assume that the 
particles are located initially at the vertices of a square, 
with llke charges being at opposite vertices. The edge 
of this square is taken to be 5292, because of the H 
bond assumption, so that half the length of the diag- 
onal is 3742. Thus, convenient and symmetric initial 
positions are taken to be 
P1 : (0,3742,0); P2 : (3 742,0,0); P3 : (0,-3742,0); 
P4 : (-3742,0,0). Next, set ~2 = V4 = 0 and 
71  = (0, V, 0), ~¢3 = (0, - V, 0), V > 0. Then, from 
(7.1), V = 0.026. The symmetric motion which results 
from these initial data yields that P2 and P4 First move 
to a minimal dist~mce apart of 7 482.9342 and then 
move to a maximal distance apart of 7 486.2712 in 
the time T = 1 179 500. The average of these distances 
yields a bond length of 0.7484603A in xyz coordinates, 
which is in complete agreement with well known 
results. Each electron made a complete oscillation in 
the time T = 1 179 500. 
With regard to illustrative electron trajectories, we will, 
for simplicity only, defer until the next section discus- 
sing three dimensional examples. Consider Fxrst, then, 
those initial positions of the bond length example, 
above. Let the initial velocities be = V 4 = 0, 
V1 = ~¢3 = (0.026,0,0). Then, as shown in figure 7.1. 
through T = 642 000, the electrons move initially in 
directions around P2, but when their repulsive inter- 
action becomes ignificant, they reverse directions 
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quickly and move toward P4" The motion is comple- 
tely symmetric about the X axis in the XY plane and 
the motions of both the electrons, as expected, are 
shared between the protons. If next we simply reverse 
the initial velocity ofP 3 in that last example, i.e., if 
we set ~¢3 = (- 0.026,0,0), then the smooth orbitlike 
trajectories hown in figure 7.2 result through the 
time T = 579 000. Note that in the last two examples, 
the line joining the two protons eparates.the el ctrons, 
which is to be expected. Let us then consider a final 
example in which the two electrons are, initially, on the 
same side of this line and see how they seek to relo- 
cate on opposite sides. For this purpose, reset P1 and 
P2 in the last example to (0, 0, 0) and (7484,0,0), 
respectively. In agreement with (7.1), set 
~¢1 = ~¢3 = (0,0.03191,0). Figure 7.3 shows the result- 
ing trajectories through T = 783 000. P3 has moved 
initially further in the positive Y direction than has 
P1, and it remains thereafter in this upper half plane, 
its reluctance to leave being characterized bydimin- 
ishing speed and diminishing movement. P1, on the 
other hand, relocates below the X axis relatively 
quickly by rotation around P4, but attraction to P2 
causes it to move for a second, but shorter, time into 
the upper half plane, from which it is seen leaving at 
the final time step of the calculation. 
8. THE HYDROGEN ION H~ 
We turn now to the hydrogen ion. 
The energy (total, not dissociative) of H~ is-16.3 eV, 
or, equivalently, (-2.60)10 -11 erg. Thus, ifP 1 is an 
electron and P2 and P3 are protons, the energy of the 
system, at any time, satisfies 
(- 2.60)10 -11 = i0-8 [4.55425 (V2) + 8362.0(V 2 + V 2) 
-23.06746( 1 + 1 1 ) 
R12 R13 R23 
+3.29535( 1 + 1 1 )]. (8.1) 
R72 R73 R73 
The simplistic approach for estimating the bond length 
of H~, as described in section 7 for H2, is no longer 
feasible, as will be shown now, and casts some doubt 
on the meaning of "average bond length" for an ion. 
The reason lies in the lack of charge quilibrium, 
which, in turn, can yield very large proton motion, 
contrary to the usual assumption of small proton mo- 
tion. Consider, then, the following example. Initially, 
we guess P1 to be bonded, as in the hydrogen atom, 
with each of P2 and P3" 
Hence, on the average, in XYZ coordinates, 
[PIP2 [ = ]PIP3 [ = 5292. Moreover, since P2 and P3 
are positively charged, it is reasonable to assume an 
initial conf~uration i  which P1, P2 and P3 are 
linearly ordered, with P1 separating P2 and P3" Thus, 
P1, P2, P3 are fixed initially at (0, 0, 0), (5292,0,0), 
(- 5292,0,0), respectively. Next, set V 2 = V 3 = 0, 
inithlly. From (7.1), V 1 = 0.0294. Therefore, set 
'V1 = (0,0.0294,0), initially, so that P1 oscillates on 
the Y axis and is always equidistant from P2 and P3" 
As P1 oscillates in this fashion, P2 and P3 Oscillate 
symmetrically about he Y axis in the XY plane. In 
the time T = 70 100 000, P2 and P3 move to within 
a minimal distance of 2548 from each other and then 
separate to a maximal distance of 10 584. The average 
of these relative xtrema is 6 566, or, in xyz coordi- 
nates, 0.6566A, which is not in agreement with the 
usual average of 1.05 A. Note, however, that the maxi- 
mum distance between the protons is in agreement 
with the usual average. 
Next note that if the above example is modified by 
merely resetting Pl's initial velocity to 
V 1 - (0.020796,0.020796,0), then, in the time 
T = 881000, P2 and P3 move to within a minimal 
distance of 10 583 and then separate to a maximal 
distance of 10 591. The average of these extrema is
10 587, which is in good agreement with the accepted 
value. The reason for this good agreement is evident 
from figure 8.1, which shows the electron's trajectory 
through the time T = 1 418 500. In this example, the 
motion allows for a proton to separate the other two 
patticles in a relatively regular fashion. At these times, 
the repulsive force between the protons prevails over 
the forces of attraction between the electron and each 
proton. In our very first example, the electron always 
oscillated between the protons, so that the resultant 
attractive or repulsive ffect prevailed for an extended 
time period. This, in turn, allowed more extensive 
proton movement. 
Let us next consider several additional computer ex- 
amples of electron trajectories. As above, these will be 
described in XYZ coordinates. In each case the protons 
P2 and P3 have initial positions (5292,0,0), (-5292,0,0), 
respectively, and initial velocities ~¢2 = V3 = 0~ 
Setting P1 initially at (0,2000,0) and assigning it the 
initial vdocity ~¢1 = (0.01925,0.01925,0) yields the 
nonperiodic trajectory shown in figure 8.2. Next, this 
example was modified by taking the initial velocity 
paralhl to the X axis, so that the initial position was 
(0,2000,0) and the initial velocity was 
V 1 = (0.02722,0,0). This time, as shown in figure 8.3 
through the time T = 450500, the attraction between 
P1 and P3 becomes sufficiently strong to induce a 
repulsive ffect. The latter example was modified next 
by relocating the particle to (0,4000,0) initially and 
again assigning the initial velocity paralhl to the X axis. 
In this case, in order to satisfy (8.1), the initial velocity 
is ~¢1 = (0.02185,0,0). The resuking motion, shown in 
figure 8.4 through T = 785 000, is almost periodic and, 
as in all previous examples, isone which is shared be- 
tween the protons. 
Finally, let us show the ease with which the methodol- 
ogy applies to three dimensional motion. Let P1 be at 
(0,2000,0) initially and let its initial velocity be 
- -b  
V 1 = (0.01925,0,0.01925). As shown in fgure 8.5 
through time T = 1 319 500, the motion is not periodic 
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9. REMARKS REFERENCES 
As indicated at the start, our major goal is the com- 
puter simulation of  time dependent chemical reactions. 
To proceed in this direction, we are proposing aviable, 
computer oriented approach to the modeling of  atoms, 
ions, and molecules which utilizes experimental data 
for ionization energies. In this paper we have begun 
by modeling H, H~, and H 2. Though our approach as 
been relatively classical, it does not suffer from the un- 
uatural:Bohr assumption that angular momentum is
quantized [10], nor from those inherent contradictions 
in Bohr-Sommerfeld models which result from pre- 
cluding zero angular momentum [8]. We have not 
attempted to extend the results of  this paper to, for 
example, more complex one-electron species in the 
usual fashion [11], because we believe that hydrogen 
is structurally unique and that such extensions may, 
in general, be unwarranted. 
At present, computer studies of  the elements from 
helium through oxygen are in progress and the initial 
results are most promising. Further calculations with 
H 2 and with H~ which would be interesting should 
explore whether or not an average period over several 
oscillations of  the nuclei would correspond more 
closely to experimental results than do the initial 
period calculations of the last two sections. 
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